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The motion of an almost autonomous Hamiltonian system with two degrees of freedom, 2n-periodic in time, is considered. It
is assumed that the origin is an equilibrium position of the system, the linearized unperturbed system is stable, and its characteristic
exponents +iwj (j = 1, 2) are pure imaginary. In addition, it is assumed that the number 2w, is approximately an integer, that
is, the system exhibits parametric resonance of the fundamental type. Using Poincaré’s theory of periodic motion and KAM-
theory, it is shown that 4n-periodic motions of the system exist in a fairly small neighbourhood of the origin, and their bifurcation
and stability are investigated. As applications, periodic motions are constructed in cases of parametric resonance of the fundamental
type in the following problems: the plane elliptical restricted three-body problem near triangular libration points, and the problem
of the motion of a dynamically symmetrical artificial satellite near its cylindrical precession in an elliptical orbit of small eccentricity.
© 2002 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM. TRANSFORMATION
OF THE HAMILTONIAN

Consider the motion of an almost autonomous Hamiltonian system with two degrees of freedom. It
will be assumed that the Hamiltonian of the system is expressed as a series in powers of a small parameter
e(0<e<l)

H = Hy(g;, p;) +€H\(q;, pi. )+ €2 Hy (g, 1) + ... (L.1)

where g; and p; (i = 1, 2) are the coordinates and momenta, respectively. The functions Hy(g;, p;, ¢)
(k=1,2,...)in (1.1) are assumed to be 2x-periodic functions of time.

Suppose the origin g; = p; = 0 of the phase space is an equilibrium position of the system. The
Hamiltonian H is assumed to be analytic in the neighbourhood of the point g, = p; = 0; the functions
H, (k=1,2,...) can be represented in the form

H=HP+H® +H + . (1.2)

where H,((I) is a form of degree [ in g;, p;.

Let us assume that the characteristic exponents *iwyj( Jj=1 2) of the system of equations of motion,
linearized in the neighbourhood of the origin, are pure imaginary where € = 0. If the numbers o; do
not satisfy any relations of the form kjw; + kyw, = 0 (where k; and k; are integers such that
1 < |kq| +|kz| < 4), then, for suitably chosen variables g;, p;, the unperturbed Hamiltonian H,, may be
written in normal form up to and including fourth-order terms. In “polar” coordinates @, r; (g; = \2r;
sin @;, p; = \2r; cos ¢;), we have

Hy =M1 + Ayr, + Cyoh + 03 1 + Cop P +0;
where kl oy, buth, = wy0r Ay = —, (dependlng on the specific problem concerned), ¢; are constants,
and Os is the set of terms of order at least five in 7}

Suppose parametric resonance of the fundamental type occurs in the system when 2w, is approximately
an odd integer N.
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The aim of this investigation is to determine whether periodic motions of the complete system with
Hamiltonian (1.1), (1.2) exist in a fairly small neighbourhood of the origin, and to determine the number
and stability of such motions.

We shall assume that besides the resonance relation 2w, = N there are no other relations between
the frequencies ®; and ®, of the form k;®; + k,w, = L (where k; and L are integers, with
2 < |k|+]|ky| < 4). Wesetr; = eR;, @; = 8; (i = 1, 2) and, applying a nearly identical canonical
transformation which is 2n-periodic with respect to time, we reduce the Hamiltonian to the form

H =%,R, +X,R, +€0R, cos(26, — Nt +8)+E(cyoR? +¢, R Ry + ey R2) + O(e7) (1.3)
where A; = A; + O(g) = const (i = 1, 2), and o and 8 are constants. The constant & in (1.3) is assumed

to be positive; this may always be achieved by a displacement with respect to 6;.
Put 24, = N + 2¢f. Make the change of variables 6;, R; — v, p; defined by

R" =pi (l=],2), 291—Nt+90=2\|ll, 92=W2

thereby reducing the Hamiltonian of the problem to the form
d 3
H = €Bp, + AP, + €0, COS 2, +E(cpP] + P1P2 +CoaP3) + () (14)

Assuming that ¢y # 0, we make one more change of variables, through the formulae

. G .
W=y, Py=——p  py=—p, (x=signcy)
i "yl 2 eyl ] »
We then have
H = Aop, +fo,p2 + ay[(aB + bp, )p + pcos 2y +p2 ]} + o) (1.5)
(11=C020, (12=‘X.0’, a=(1£], b=ﬂ|—
lczo’ €20

The term O(¢™?) in (1.5) is 4n-periodic in ¢, 2n-periodic in y and ¥, and analytic in p'* and Py,

Remark. The Hamiltonian (1.1), (1.2) can also be reduced to the form (1.5) when ©, = N/2 and for even N,
provided that its structure contains no third-degree forms H). In that case the term O(g°) in (1.5) will be 2r-
periodic in t.

2. PERIODIC MOTIONS OF THE SYSTEM

Equilibrium positions of the approximate system. 1f the term O(e™) is omitted from Hamiltonian (1.5),
we obtain an approximate Hamiltonian. The coordinate v, in the corresponding system is cyclic, and
consequently p; = ¢ = const. We write the approximate Hamiltonian in the form

H=Ac+e(oyc +a,HY) 21
H’ = _xp + pcos 2W + pz’ x = —(aﬁ + b(,‘) = const (22)

The function H' is a model Hamiltonian for systems with one degree of freedom at parametric
resonance (see, e.g., [1]). However, while for the latter systems the parameter y is defined by the
resonance detuning, in the case of the system considered here, which has two degrees of freedom, ¥
will depend not only on the resonance detuning (characterized by the parameter ) but also on the
constant ¢, which is associated with the presence of a second (cyclic) coordinate in the system.

The model system has a particular solution p = 0 — the equilibrium position at the origin, it is stable
if |%| > 1 and unstable if j| < 1. If ¥ < -1, there are no other equilibrium positions. If -1 < % < 1,
the model system has two stable equilibrium positions - the points (7/2, (% + 1)/2) and (3n/2, (% +
1)/2). These points are also stable equilibrium positions for y > 1; in the latter case the system also
has two unstable equilibrium positions — the points (7, (x ~ 1)/2) and (0, (x - 1)/2).

Phase portraits of the model system are shown in Figs 1la, b, ¢ in the plane of the variables
X; = \2p cos , x» = +2p sin y, for the cases x < ~1,-1 <y < 1, x > 1, respectively. Corresponding
to the stable equilibrium positions of the model system in Fig. 1 there are singular points of the “centre”
type; the unstable equilibria are represented by saddle points.
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The equilibrium positions of the approximate system with two degrees of freedom are given by the
equalities p, = 0, p = 0, or

P2=0, p=p.,, Vy=v. (2.3)

where (v, p,) is one of the equilibrium positions not coinciding with the origin. For these equilibrium
points ¢ = 0, and so the parameter x of the model system and hence also the equilibrium values
p, = (X % 1)/2, are defined only by the resonance detuning.

Periodic motions of the complete system. Let us consider the equilibrium position (2.3) of the
approximate system as a generating solution. Setting 8, = r5, ¥ = Y_ + x;, p = p, + y in (1.5), we
obtain the following expression for the complete Hamiltonian in the neighbourhood of the generating
solution

H = Ayry + €0, (=2p. cos 2y, xf + y) +¢- O, + 0(83/2) (2.4)
Ay = iz +e0,bp,

where Oj is the set of terms of degree at least three in xy, y;, r,"* with constant coefficients and the term
O(¢™) is 4n-periodic in ¢.

Since by assumption 2w; is not close to an integer, we have non-resonant case of Poincaré’s theory
of periodic motions [2], so that each equilibrium position (2.3) of the approximate system generates a
single solution of the complete system, 4n-periodic in ¢ and analytic in €'

P=p=p.+O0(E?), W=t =y, +0(E”), p,=p,1)=0e) (2.5)

Depending on the value of the parameter %, the number of such periodic solutions may be either
four (if x > 1), two (if -1 < x < 1) or zero (if x < -1).

Corresponding to the solutions (2.5) we have the following motions of the original system with
Hamiltonian (1.1), which are 4n-periodic in ¢.

q )= 2e0p, sin(ﬂ+\y, +£(] —x)—9_0)+0(e) (2.6)
lex | 2 2 2

p (= 2e0p. Cos(iv—tﬂv. +2( —x)-—ei)+0(e)
lcx ! 2 2 2

q; =0(€), p,=0()
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Motions (2.6), corresponding to equilibrium positions of the model system whose v values differ
from one another by 7, are obtained from one another by a time shift of 2rn/N. Hence the original system
has two different periodic motions of type (2.6) for x > 1, one motion for -1 < y < 1, and none for
x < -1.

The stability of the periodic motions. We will now consider the stability of the periodic solutions
determined above.

Motions corresponding to unstable equilibrium positions of the model system are unstable, as follows
from the fact that the characteristic equation of the linearized approximate system has a positive real
root.

To solve the problem of the stability of periodic motions corresponding to stable equilibrium positions
of the model system, we will consider the Hamiltonian of the perturbed motion, making the following
substitutions in (1.5)

Pr=r, ¥=V®+x, p=p)+y
We have
H = Ayry + 80, [(x + D)x? + y2 1+ 20, xky, +€0,by,ry —
— e, ( + Dxf + 0, +€- 05 + O(e7) (2.7)
where Ojs is the set of terms of at least the fifth degree in xy, y;, 5%, the term O(g*?) is 4n-periodic in ¢,

and the constant A, is defined by (2.4) with p_ = ( + 1)/2.
Making the change of variables

x=xue Ay =y )h n=n
we then apply a nearly identical canonical transformation
XYWy, 1y = x*,y‘,\y;,r{
which normalizes the Hamiltonian up to terms of fourth order inclusive. This transformation may be

obtained, for example, by using the Deprit-Hori method [3]. We then change from the variables x* and
y* to “polar” coordinates y* and r*, in accordance with the formulae

x*=\/;:sin\u*, y':J;rTcosw'

as a result of which the transformed Hamiltonian becomes

H = Ayrs +2e00, [+ 1r +€(Cypr™ + C,r'ry + Cppry2) +8- 05 +0(e%) (2.8)
=_(12(x+4) C” - o100 02:(12(4C02C20-C121)
T2+ PN TS 4c3,

If the condition C% —4Cy,Cy # 0 is satisfied, the periodic solution in question is stable for the majority
of initial data [3, 4]. This last relation reduces to an inequality

2c] + (x+ Ddcyce —c) 2 0 2.9)

Thus, if ~1 < ¢ < 1, the unique 4zn-periodic motion of the system with Hamiltonian (1.1) is stable
for the majority of initial data, provided that condition (2.9) holds; of the two periodic motions for
> 1, one is unstable and one stable for the majority of initial data (provided condition (2.9) holds).

3. PERIODIC MOTIONS NEAR TRIANGULAR LIBRATION POINTS OF
THE PLANE ELLIPTICAL RESTRICTED THREE-BODY PROBLEM

We shall construct periodic motions in the neighbourhood of triangular libration points of the plane,
elliptical restricted three-body problem. The Hamiltonian is {3]
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1 2 ecosv 2 2 w
H=—(p+p)+pn-p.b+—m—o—o ——_—

2(pg Pa)+ PN = P 2(]+ecosv)(é o) 14+ ecosv

1- m
w=—Ei B p= T o JErm2en?, p=E+p-1)2+7? (3.)

n n my +my

where &, 1 and py, p,, are the Nechvil variables and the corresponding generalized momenta, e is the
eccentricity, v is the true anomaly, 7, and m, are the masses of the main attracting bodies.
The system with Hamiltonian (3.1) has a particular solution

1-2 3 NEY 1-2
go=—1, M=, Py =—57» l’no=_2_lLl

; (3.2)

corresponding to a triangular libration point. At e = 0 a necessary condition for solution (3.2) to be
stable is the inequality

0<p<p, =(9-+/69)/18 =0.0385208...
Let us consider the motions of the system in the neighbourhood of the point (3.2). In (3.1) we put
E=8+aq, N=Mo+d2 Pe=Pgy+Pi, Pn=Pyo +P2

We then obtain [3]

H=H,+H;+H, + ... (3.3)
l 2 2 ecosVv 2 2
H,=— + - b—— (gl +q3) +
2 2(P1 +P)+ g 9P, (4 ecosV) (qi +97)
| 2 2 3v3(1-2u)
b (g -8kqyq, ~5¢7), k=TT
8(1+ecosv) @ N9z = 542) 4

where H; and H, are forms of third and fourth degree in g; and p; (i = 1, 2), which will not be shown
here.

Using a univalent linear canonical transformation g;, p; — g;, p; [3], we reduce the quadratic part H,
of Hamiltonian (3.3) at ¢ = 0 to normal form. The frequencies w; and w; (®; > w; > 0) of small
oscillations satisfy the equation

w4—u)2+24—7u(l-u)=0

When p = py = (3 - 2,2)/6 = 0.0285954 ..., we have », = 5, that is, parametric resonance of the
main type occurs in the system. Assuming that 0 < e < 1, we find the 4zn-periodic motions in the case
when W, = /2.

We put g/ = g; /\w;, pi = \®;P; and then normalize the complete form H, in the terms of the order
of e, as well as the forms H; and H, at ¢ = (. After changing to “polar” coordinates we obtain the
Hamiltonian

H= 6')|R| —6)2R2 +eGR2 COS(292 + V+60)+8(C20R|2 +C”R|R2 +C02R22)+0(e%)

which, apart from the notation, is identical with Hamiltonian (1.3).
Here, as calculations will show,

G),=£+0(e). 6)2=l+9«/5(u—u0)+0(e2), c=@, 90=arctgi@
2 2 8 27

c -E C —_—4045 C, —3;“.

0=7e" N 3 0 ‘T3

When determining the numerical values of the coefficients ¢
of the frequencies {5].

i» we used their expressions as functions
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S (a) J S (b) J
Fig. 3

Introducing the frequency detuning ®; = 2 + eoy and relying on the results of Sections 1 and 2,
we obtain the following 4n-periodic motions in the neighbourhood of a triangular libration point

E=E,+ 2Jea, sinT+ O(e), N="ng- O.4«/Zm(«/g sinT+ 2cost) + O(e) (3.4)
4 - [30433 .V 8
' 341 7 202

where (v, p,) is an equilibrium position of the model system (see Section 1.2).

Relanons (3 4) (omitting terms O(e)) are the equations of an ellipse. The ma]or axis of the ellipse
is inclined to the 1 = 0 axis at an angle o = 0.5 arctg(2,6/3) = -29.26°..., and the quotient of the
lengths of the axes of the ellipse is (41 + 7,33)/8 = 3.186 .

Fixing the parameters p and e (U —~ uy ~ e) we derive from the relation p — py, =  66ey/144 + O(e )
the corresponding value of the parameter  of the model system, and hence the number and form of
the periodic solutions (3.4).

Regions 0, 1 and 2 in the plane of the parameters (y, ¢) in the neighbourhood of the point pu = p,,
e = 0, as shown in Fig. 2, correspond to the cases x < -1,-1 < < 1and x > 1. The boundary curves
between the regions are glven by the equations u = p * 66e/144 + O(e” %); on these curves the parameter
y takes values *1. In region O there are no 4n-periodic motions of the system in the neighbourhood
of a triangular libration point. In region 1 one 4n-periodic motion of the form (3.4) exists, which is stable
for the majority of initial data. In region 2, two motions (3.4) exist, one of which is stable (for the majority
of initial data) and one unstable. Condition (2.9) for stable motions is always satisfied in the region
> -1 in which these motions exist.

Periodic motions of regions 1 and 2 are shown in Fig. 3(a, b). Motions in elliptic orbits occur in the
sense opposite to that of the rotation of the body J about the body S. In the case when two periodic
motions exist (Fig. 3b), the outer ellipse corresponds to the stable motion and the inner one to the
unstable motion.

4. PERIODIC MOTIONS OF A DYNAMICALLY SYMMETRIC
ARTIFICIAL SATELLITE, CLOSE TO CYLINDRICAL PRECESSION

We will now consider the motion of a dynamically symmetric artificial satellite - a rigid body in a central
Newtonian gravitational field in an elliptic orbit of small eccentricity. Assuming that the dimensions of
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the satellite are smalli compared with those of the orbit, we assume, as usual, that the motion of the
satellite about its centre of mass is independent of the motion of the centre of mass itself.

We introduce an orbital system of coordinates OXYZ (the OX axis points along the transversal to
the orbit, the OY axis points along the binormal, and the OZ axis points along the radius vector of the
centre of mass O of the satellite) and a system of coordinates Oxyz attached to the satellite, with the
Oz axis pointing along the satellite’s axis of symmetry. The orientation of the attached system of
coordinates relative to the orbital system is defined by the Euler angles v, 6 and ¢.

A motion of the satellite exists in which its axis of symmetry is perpendicular to the orbital plane
throughout the motion, while the satellite itself rotates about the axis of symmetry at constant angular
velocity (cylindrical precession). When that is the case, 8, = 7/2, y, = 7, and the momenta canonically
conjugate to 6 and v, p, and p,, take zero values.

Using the Hamiltonian as presented in [6] and putting

8=n/2+q, Y=T+q,. Pg=p. Py=P2

we obtain the Hamiltonian of the perturbed motion of the satellite near its cylindrical precession:

H=H,+H;+ .. @1)
2 2 2 3/2
ptp of(l-e”) 1 2%, 2 2
Hy=—t 22— _pg+————sgpy+pagy - 0B(l-€")?(qf -q3)+
27 21+ ecosv)? Pt (1+ecos v)* hP2t Pd2 5 B( Y*(qi —4q7)

2a2 2.3
af-e’y , 3 2

+————— g +—(a-1)(1+ecosv
2(1+ecos v)2 @ 2( X ai

i 5 1 !
H4 =[-£a2|32 —’2—4‘(16"'5(1 —(l):lql4 ( aB——JPZqI - 6 p|q2 +
1 2.2 GB 2 2 1 2 c
+— + +— +0(e); a=
5 P10+ 7492+ 5 g + Ole) A <2

where e is the eccentricity of the orbit of the satellite’s centre of mass, v is the true anomaly, A and C
are the equatorial and axial moments of inertia, B = ry/®,, ry being the projection of the absolute angular
velocity of the satellite onto the axis of symmetry (ry = const) and w, corresponds to the mean motion
of the centre of mass.

The frequencies ®; and w; (w; > ®; > 0) of the oscillations of the system with Hamiltonian H, at
e = 0 satisfy the equation

o* — (0B - 20B + 30 - Nw?® +(af - (0P +3a-4)=0

The plane of the parameters (o, ) contains a denumerable set of curves on which parametric
resonance of the main type occurs. We shall confine ourselves to considering three resonant cases.

Let B = 0 (corresponding to translational motion of the satellite in absolute space). Then at o = «

= 181/156 = 1.1603 ... we have ®; = 3/2, and at o = o, = 23/20 = 1.15 we have w, = /2. If the
parameters o and P satlsfy the relation aff = 2, then w; = 1 when 2/3 < a < 1 and », = 1 when
l<a<?2

Following the algorithm described in Sections 1 and 2, we shall find the periodic motions of the satellite
near cylindrical precession, in near-resonant cases.

First, making the linear change of variables g;, p; — g, p/ (i = 1, 2), we reduce the function H, at
e = 0 to normal form. The form of the change when § = 0 was indicated before in [7]. When off = 2,
the change of variables is

Q=9 /Oy, @y =q], Py =piN0y —qf, Py =pi—qy ) 0, (0, =430-2) 4.2)

if2/3 <a < 1;butif1 < a < 2, the variables gj, g3, pi, p3, ®, in formulae (4.2) must be replaced by
3, g1, P2, P1> W1, Tespectively.

The resonange terms in the form H, when e # 0, in the cases w; = %2 @, = 2 and @; = 1 (i = 1, 2),
are of orders ¢, ¢ and ¢?, respectively, so that normalization of the form H, must be carrled out up to
terms of order ¢°, e and e2 inclusive.

Normalizing H4 and changing to “polar” coordinates 6; and R; by the formulae
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= «[2e"R,~ sin®;, p!=+/2¢"R; cosé,

where k = 3, 1 or 2, we obtain a Hamiltonian similar to Hamiltonian (1.3) of Section 1.
When B = 0, ®; = 3/, this Hamiltonian becomes

H =@ R, - ®,R, + € 0R, cos(20, — 3v+m)+ > (cioR + ¢, RiRy + ciyR2) + O(e?2) 4.3)
, =-3—+@(a )+ O(e*), a; =0, +e° Oy, Oy =m=4.4l'24m
2105 13541632
. 39 23475 25 244439
@, =——+0(c*), o= C0 =Cop =~ 75— 1 =— V39
13 2048 1764 1323

The coefficients c; in (4.3) (and below in (4.5)) are calculated usmg formulae given in [7].
Introducing the resonance detuning by the formula &, = ¥, + e*o (where y is the parameter of the
model system), we obtain the following 4n-periodic motions of the satellite

0= -;E - ;—ga,e% sin(-:;zl + \p.) +0®), y=n- -2%a.e3/2 cos(%, + w.)+ o) 4.4)

where a, = y65730p,, and (y,, p,) is an equxhbnum position of the model system.

Formulae 4.4) (1gnor1ng the terms O(e*)) defines a motion of the satellite in which the end of the
unit vector of its axis describes a curve on the unit sphere whose projection onto the plane OXZ of the
orbital system of coordinates is an ellipse with semi axes ~ e (the ratio of the lengths of the axes is
13.12) (Fig. 4a). The satellite axis moves in the same direction as its centre of mass in motion in the
orbit.

If B = 0, ®, = !5, the normalized Hamiltonian has the form (4.3) in which e is replaced by e, the
resonance term by eGR,cos(28, + v), and we put

. 55 -1 25 23
0, =—+0(), O, =———|0o~-—[|+0 4.5
=2 100, @21 13( 20) ) 5)
e o e o 9 28455

1047 027 676" M 1859

Introducing the resonance detuning by the formula &, = !/, - exo, we obtain the following 4n-periodic
motions of the satellite:

0= g + 5a,«/§sin(-;i + w.)+ Ole), y=n-4a.Je cos(-;i + \v.)+ O(e) (4.6)
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where a, = ' 2p, /3. The motion of the satellite corresponding to formulae (4.6) is similar to the previous
motion, except that the semiaxes of the ellipse are of the order of |’e, the ratio of their lengths is /4,
and the satellite axis moves in the direction opposite to that of its centre of mass in the orbit.

Regions 0, 1 and 2 in the plane of the parameters (e, a) in the neighbourhood of the points e = 0,
o = d; and e = 0, o = o, as shown in Fig. 4(b), contain respectively 0, 1 and 2 periodic motions of
the satellite, of the form (4.4) and (4.6). The boundaries between the regions are curves

4 2464875 4 3
o= t=—"¢’+0 do=o,t—e+0
326112 (e") an 2 £ 555+ 0

on which the parameter y of the model system takes values *1.
When aff = 2, 0; = 1 ({ = 1 or 2), the normalized Hamiltonian is

H =@ R, +®,R, +e’0,R, cos(20, —2v+8y;) + > (c,oR2 + ¢} R Ry + gy R2) + O(e’) (4.7)

where 6y, = m, Bg; = 0, and the quantities o, and ¢,; are evaluated for an arbitrary point (o, 2/0) of
the curve aff = 2 (o # 1), with

0, =¥y —11/(30y - 2)
c =% o =120,), cp=03-23)/8w}), ®,=.a,-2 for %<oy<l
¢ =(3-20})/(8w?), ¢, =1/Qw,), cp =% ®,=B0,-2 for I<a,<2

The quantity @; in (4.7) corresponding to a resonance frequency w; is evaluated at a point goc, B) whose
distance from the point (0, 2/0) in the direction of the normal to the curve aff = 2 is ~ e* and equals

4 2
O +4(a—a0)+e2 3505 — 100, +4)

3
4, 260, 202 —0g) T ) (48)

o =1+

The quantity @, for a non-resonance frequency is equal to 30 - 2 + O(e?).
We introduce the resonance detuning @; = 1 — e%y0,. We have the following 2n-periodic motions of
the satellite

0= §+ O(e?), y =n+4efo,p, cos(v+y,)+O(e?) (4.9)

for the case when %/3 < ¢y < 1; in the case when 1 < o < 2, we simply replace “sin” in the formula
for y by “cos”.

Relations (4.9) define a motion of the satellite in which its axis oscillates in the OXY plane of the
orbital system of coordinates (Fig. 5a) about its position in the unperturbed motion, with an angular
amplitude of the order of e.

Regxons 0, 1 and 2 in the plane of the parameters ¢, o in the neighbourhood of the points e = 0,
o =09 (¥3<0y<1lorl <oy < 2),as shown in Fig. 5(b), have the same meaning as above. If
%/3 < 0y < 1, the equation of the boundary y = 1 is

a=o, +————6?°(3 —2%) 2, o(e®)
(0g +4)2-0y)
and that of the boundary = -1 is
2
a=0g - 60y (40 — Totg + 2) N 0(63)

(0§ + 430ty — 2)(2 - 0t)

If 1 < oy < 2, the equations of the boundaries x = 1 and x = -1 are interchanged.

Suppose we are given a point (0, B) in a small (~ ¢?) neighbourhood of the hyperbola aff = 2. To
determine the number of periodic solutions of the form (4.9) corresponding to this point, we first use
the equation of the normal stralght line B - 2/0y = ad(a - oco)/2 to determine the nearest point (o,
2/ay) on the hyperbola. Then, using the equality &, = 1 — ¢*xo; and Eq. (4.8), we find the value of the
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parameter x of the model system and draw conclusions about the number and form of the periodic
solutions.

In all the resonant cases listed above, the single periodic motion in regions 1 is stable for the majority
of initial data; of the two periodic motions in regions 2, one (corresponding to the lower amplitude) is
unstable and one (corresponding to the higher amplitude) is stable for the majority of initial data.
Condition (2.9) for stable motions is violated only for the resonant case ; = 1 and o = 2, if for %3
< 0y < /6 the parameter  of the model system takes the value x = %, = 3(20 — 1)/(5 - 6ay).

This research was supported financially by the Ministry of Education of the Russian Federation (T00-
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